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Abstract The well-known sequentially lifted cover inequality is widely em-
ployed in solving mixed integer programs. However, it is still an open question
whether a sequentially lifted cover inequality can be computed in polynomial
time for a given minimal cover (Gu, Nemhauser, and Savelsbergh, INFORMS
J. Comput., 26: 117–123, 1999). We show that this problem is NP-hard, thus
giving a negative answer to the question.
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1 Introduction
The lifted cover inequality (LCI) is a well-known cutting plane for mixed inte-
ger programs. Given the so-called cover inequality, in order to obtain an LCI,
we may use the lifting technique. Using different lifting procedures, several
types of LCIs have been studied in the literatures, see [1, 3, 4, 11, 13, 14, 19, 24].
In this paper, we are concentrated on the sequential LCI, that is, the variables
are sequentially lifted one at a time. The sequential LCI was first studied in
[21, 24]. Its effectiveness on using as a cutting plane was demonstrated in [6],
see also [10, 15, 16, 23, 25]. To lift each variable, a knapsack problem is required
to be solved to compute the lifting coefficient. Under certain conditions, the
sequential LCI can be computed in polynomial time, see [8, 20, 26]. In general,
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however, the complexity of computing a sequential LCI is still unknown. This
was explicitly mentioned in [9] as an open question.
“We show that this dynamic programming algorithm may take exponential
time to compute a sequential LCI that is not simple. It is still an open question
whether an arbitrary LCI can be computed in polynomial time for a given
minimal cover C.”
The above question was also cited as an open question in [2, 8, 12, 22]. We
will give a negative answer to the question by showing that the problem of
computing a sequential LCI is NP-hard. Thus, unless P = NP , there exists
no polynomial time algorithm to compute a sequential LCI.
This paper is organized as follows. In Section 2, we review how to compute
a sequential LCI. In Section 3, we describe the elegant example by Gu [8],
which provides exponential lifting coefficients. The main result is given in the
last section, which shows the NP-hardness of the problem of computings a
sequential LCI.
2 Computing a sequentially lifted cover inequality
Consider the knapsack set X := {x ∈ Bn : aTx ≤ b}, where b ∈ Z+ and
a = (a1, · · · , an)T ∈ Zn+ are given. A subset C ⊆ N := {1, . . . , n} is called a
cover of X if the sum of the items ai’s over C exceeds the knapsack capacity
b; i.e.,
∑
i∈C ai > b. A cover C is a minimal cover if and only if∑
i∈C\{j}
ai ≤ b for all j ∈ C.
For any subsets N0 and N1 of N with N0 ∩N1 = ∅, denote X(N0, N1) be
the following restriction set of X ,
X(N0, N1) = X ∩ {x ∈ Bn : xi = 0 for i ∈ N0; xi = 1 for i ∈ N1}.
It is easy to see that, for each cover C, the cover inequality
∑
i∈C
xi ≤ c− 1 (1)
is valid for X(N\C,∅), where c := |C| is the cardinality of C. The cover
inequality (1) is facet defining for conv(X(N\C,∅)), which is the convex hull
of X(N\C,∅), if and only if C is a minimal cover (see for example [5]).
We can consider to fix some variables to be ones as well. Assume that
(C,N0, N1) is a partition of N and denote b¯ = b −
∑
i∈N1
ai. In this case,
the inequality (1) is facet defining for conv(X(N0, N1)) if and only if C is a
minimal cover of X(N0, N1); i.e.,∑
i∈C
ai > b¯;
∑
i∈C\{j}
ai ≤ b¯ for all j ∈ C.
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Throughout this paper, we shall assume that (C,N0, N1) be a partition of N
and C is a minimal cover of X(N0, N1).
In general, however, the inequality (1) may not be valid for X if N1 6= ∅.
Furthermore, even if N1 = ∅, such an inequality may not represent a facet of
conv(X). To obtain a strong valid inequality, we can lift the variables inN0∪N1
one at a time by solving an optimization problem sequentially. More precisely,
let l1, . . . , ln−c be a lifting sequence such that N0 ∪N1 = {l1, . . . , ln−c} and
∑
i∈C
xi +
∑
i∈N ′
0
αixi +
∑
i∈N ′
1
βixi ≤ c− 1 +
∑
i∈N ′
1
βi
be the inequality obtained so far, where N ′0 ⊆ N0, N ′1 ⊆ N1 and N ′0 ∪ N ′1 =
{l1, . . . , lj}. To lift the variable xlj+1 , we need to solve a knapsack subproblem
depending on whether lj+1 belongs to N0 or N1. We follow [10] in referring to
lifting the variable xlj+1 as up-lifting if lj+1 ∈ N0 and down-lifting if lj+1 ∈ N1.
(i) Up-lifting. If lj+1 ∈ N0, compute the lifting coefficient αlj+1 by solving the
lifting problem
αlj+1 = min c− 1 +
∑
i∈N ′
1
βi −
∑
i∈C
xi −
∑
i∈N ′
0
αixi −
∑
i∈N ′
1
βixi
s.t.
∑
i∈C∪N ′
0
∪N ′
1
aixi ≤ b¯+
∑
i∈N ′
1
ai − alj+1 , x ∈ Bc+j .
(2)
(ii) Down-lifting. If lj+1 ∈ N1, compute the lifting coefficient βlj+1 by solving
the lifting problem
βlj+1 = max
∑
i∈C
xi +
∑
i∈N ′
0
αixi +
∑
i∈N ′
1
βixi − c+ 1−
∑
i∈N ′
1
βi
s.t.
∑
i∈C∪N ′
0
∪N ′
1
aixi ≤ b¯+
∑
i∈N ′
1
ai + alj+1 , x ∈ Bc+j .
(3)
After having lifted all the variables, we obtain the sequential LCI:
∑
i∈C
xi +
∑
i∈N0
αixi +
∑
i∈N1
βixi ≤ c− 1 +
∑
i∈N1
βi. (4)
The procedure to obtain inequality of (4) is first described implicitly in [24].
See for example [8, 17, 20] for more details about sequential LCI. Here we just
notice that different lifting sequences may lead to different sequential LCIs.
The inequality (4) is called a non-project LCI if N1 = ∅ and a project LCI
if N1 6= ∅ (see [8]). Given a lifting sequence, the non-project LCI can be com-
puted ([26]) in the complexity of O(cn), where c = |C| again. For the project
LCI, if C ∪N1 is a minimal cover of X and the lifting sequence is enforced to
{l01, . . . , l0r , l11, . . . , l1|N1|, l0r+1, . . . , l0|N0|}, where l
j
i ∈ Nj for i = 1, . . . , |Nj | and
j = 0, 1 and r is a given integer between 1 and |N0|, Gu [8] proved that (4) can
be obtained in the complexity of O(cn3). As mentioned before, however, the
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complexity of computing a sequential LCI with an arbitrary lifting sequence
is still unknown.
We close this section by noting that the sequential LCI is invariant under
scaling.
Observation 1 Given the same partition and the lifting sequence, multiplying
a positive integer to the knapsack constraint gives the same sequential LCI.
3 The example by Gu (1995)
In this section, we describe the elegant example constructed by Gu [8], which
leads the lifting coefficients to be exponential. It is related to the following
vector f ∈ Z2r+1, where r is a given positive integer.
f1 = 1, f2 = 1, f3 = 1, and fi = fi−2 + fi−1, for i = 4, . . . , 2r + 1. (5)
Notice that f is analogous to the Fibonacci sequence where the only difference
is that the first element in the Fibonacci sequence is 0. We give two facts on
the vector f , which can easily be verified by induction.
Observation 2 For j = 3, . . . , 2r + 1, it holds that fj =
∑j−2
i=1 fi .
Observation 3 For j = 3, . . . , 2r+1, it holds that 14 (
√
2− 1)(√2)j ≤ fj ≤ 2j.
Consider the knapsack set X with 2r+1 variables, where the coefficients of
the knapsack constraint are f1, . . . , f2r+1 in (5) and the associated knapsack
capacity is b =
∑2r
i=1 fi. Consider the partition (C,N0, N1) of {1, . . . , 2r + 1}
with C = {1, 2}, N0 = {4, 6, 8, . . .2r}, and N1 = {3, 5, 7, . . . , 2r + 1}. Since
f1 = 1, f2 = 1, and
b¯ = b−
∑
i∈N1
fi = b−
r∑
i=1
f2i+1 = b− f3 −
r∑
i=2
(f2i−1 + f2i)
= b− f3 −
2r∑
i=3
fi = 1,
we know that C is a minimal cover of X(N0, N1) = {x ∈ B2 : x1 + x2 ≤ 1}.
Now consider the lifting sequence {3, 4, . . . , 2r + 1}; i.e., lj = j + 2 for 1 ≤
j ≤ 2r− 1. The following lemma is due to [8]. For completeness, we provide a
proof.
Lemma 1 (Gu 1995) (i) αi = fi for i ∈ N0; (ii) βi = fi for i ∈ N1.
Proof. We proceed by induction. At first, the lifting problem of the variable
x3 reads
β3 = max x1 + x2 − 1
s.t. x1 + x2 ≤ 2, x ∈ B2.
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Hence β3 = 1 = f3. Assume that αi = fi for i ≤ j, i ∈ N0 and βi = fi
for i ≤ j, i ∈ N1, respectively. Now we consider lifting the variable xj+1. If
j + 1 ∈ N0, the problem (2) reduces to
αj+1 = min 1 +
(j−1)/2∑
i=1
f2i+1 −
j∑
i=1
fixi
s.t.
j∑
i=1
fixi ≤ 1 +
(j−1)/2∑
i=1
f2i+1 − fj+1, x ∈ Bj .
(6)
Since
(j−1)/2∑
i=1
f2i+1 = f3 +
(j−1)/2∑
i=2
(f2i + f2i−1) = f3 +
j−1∑
i=3
fi =
j−1∑
i=1
fi − 1 = fj+1 − 1,
where the last equality follows from Observation 2, the feasibility of the prob-
lem (6) requires xi = 0, 1 ≤ i ≤ j and hence αj+1 = fj+1. If j + 1 ∈ N1, the
problem (3) reduces to
βj+1 = max
j∑
i=1
fixi − 1−
j/2−1∑
i=1
f2i+1
s.t.
j∑
i=1
fixi ≤ 1 +
j/2−1∑
i=1
f2i+1 + fj+1, x ∈ Bj .
(7)
It is easy to verify that
∑j
i=1 fi = 1+
∑j/2−1
i=1 f2i+1 + fj+1. Hence the all-one
vector is feasible and solves the problem (7), yielding βj+1 = fj+1. So the
statement is true for j + 1 as well. By induction, this lemma holds. ⊓⊔
Lemma 1 indicates that the sequential LCI for this specific example is
2r+1∑
i=1
fixi ≤
2r∑
i=1
fi. (8)
By Observation 3, the input size of this example is polynomial, but the lifting
coefficients {fi} are exponential with r. This example by Gu will play an
important role in the coming complexity analysis.
4 NP-hardness of computing a sequentially lifted cover inequality
In this section, we show the NP-hardness of the problem of computing a
sequential LCI. To begin with, we give a basic property of the vector f in (5).
Lemma 2 Let f be defined as in (5), where r ≥ 1 is given. For any τ ∈ Z+
satisfying 0 ≤ τ ≤ ∑2r+1i=1 fi, there exists a subset S ⊆ {1, . . . , 2r + 1} such
that τ =
∑
i∈S fi.
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Proof. We proceed by induction on r. The result apparently holds for r = 1.
Assume that the result is true for some r ≥ 1. To verify the result for r+1, it
suffices to consider the case that
∑2r+1
i=1 fi < τ ≤
∑2(r+1)+1
i=1 fi. In fact, from
Observation 2, we have that
2r+1∑
i=1
fi = f2r+3,
2r+3∑
i=1
fi = f2r+3 + f2r+2 + f2r+3.
So f2r+3 < τ ≤ f2r+3 + f2r+2 + f2r+3. Let us define τ1 as
τ1 =
{
τ − f2r+2 − f2r+3, if τ > f2r+2 + f2r+3;
τ − f2r+3, if τ ≤ f2r+2 + f2r+3. (9)
Then it is easy to see that τ1 ≤ f2r+3 =
∑2r+1
i=1 fi. By the induction assump-
tion, there exists S ⊆ {1, 2, 3, ..., 2r + 1} such that τ1 =
∑
i∈S fi. By picking
one more element f2r+3 and the possible element f2r+2, we know that there
exists some subset of {1, 2, 3, ..., 2r + 3} such that the sum of fi’s over this
subset is exactly τ . Thus the result holds for r + 1. By induction, this lemma
is true. ⊓⊔
Next, we introduce the restricted partition problem (RPP), which is a variant
of the partition problem [7]. Comparing to the partition problem, the RPP
problem restricts the total sum of all element to some specific values and
allows the sum of the elements in the subset equals to one more value. The
RPP problem is shown to be NP-hard in [18].
Problem RPP. Given a nonnegative integer m, a finite set K of k
elements with value ωi ∈ Z+ for the i-th element and
∑
i∈K ωi =
2(2m+1 − 1), does there exist a subset T ⊆ K such that ∑i∈T ωi =
2m+1 − 1 or ∑i∈T ωi = 2m+1 − 2 ?
For convenience, define λ = 2m+1 − 1 and then ∑i∈K ωi = 2λ. The RPP
problem is still NP-hard when 1 ≤ ωi ≤ λ − 1. To see this, suppose there
exists some j ∈ K such that ωj ≥ λ. We have the following two cases.
(i) λ ≤ ωj ≤ λ + 1. In this case, it follows that
∑
i∈K\{j} ωi = λ − 1 or∑
i∈K\{j} ωi = λ. Thus, K\{j} is the desired subset and the answer to the
RPP problem is yes.
(ii) ωj ≥ λ + 2. In this case, it is easy to see that the answer to the RPP
problem is no.
As we can see, both cases can be solved in polynomial time. Therefore, the
statement follows and in the following, we assume that 1 ≤ ωi ≤ λ − 1. We
are now ready to present the main result of this paper; i.e., provide an NP-
hardness proof for computing a sequential LCI. The basic idea is as follows.
Firstly, we adopt Gu’s example (see Section 3) to make the lifting coefficients
exponential. Secondly, some variables fixed at zero will be lifted, where the
lifting coefficients can easily be obtained. Finally, we lift a variable fixed at
one, where the objective value of corresponding lifting problem is equal to
some specific value if and only if the answer to the RPP problem is yes and
hence is NP-hard.
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Theorem 1 The problem of computing a sequential LCI is NP-hard.
Proof. For an RPP instance with m ≥ 0 and K = {2r+4, . . . , n−1}, we shall
construct a problem of computing a sequential LCI in polynomial time. We
construct a problem of computing a sequential LCI as follows. Set r = m+ 6,
n = 2r + 4 + k, and b =
∑2r+1
i=1 λfi + λ(3λ + 6), where f is defined as in (5).
Set the coefficients of the knapsack constraint as
ai =


λfi, for i = 1, . . . , 2r + 1;
λ(λ+ 3) + 1, for i = 2r + 2;
λ(λ+ 3)− 1, for i = 2r + 3;
ωi(λ+ 1), for i = 2r + 4, . . . , n− 1;
λ(3λ+ 6 + f2r+1), for i = n.
Define the partition (C,N0, N1) with C = {1, 2}, N0 = {4, 6, 8, . . . , 2r, 2r +
2, 2r + 3, . . . , n − 1}, and N1 = {3, 5, 7, . . . , 2r + 1, n}. Finally, let the lifting
sequence be {3, . . . , n}. We shall prove that the lifting coefficient βn = f2r+1+
3λ+ 5 if and only if the answer to the RPP instance is yes.
Before doing this, we note that the input size of this instance is polynomial
of that of the RPP instance. To see this, let L be the input size of the RPP
instance. It follows immediately that k = O(L). We next show that the number
of elements n is satisfied with n = O(L). Since the input size of a positive
integer t is log2(t+ 1), it follows that
log2(2
m+2 − 2 + 1) = log2(
∑
i∈K
ωi + 1) ≤
∑
i∈K
log2(ωi + 1) ≤ L,
where the first inequality follows from ωi+ 1 ≥ 2 for all i ∈ K. Thus, we have
that m ≤ L−2, which further implies that r = m+6 = O(L). This, combined
with the fact that k = O(L), indicates
n = 2r + 1 + k = O(L).
Finally, it can be easily verified that ai = O(L2) for i = 1, . . . , n and b =
O(L2). This proves that the input size of the constructed instance is poly-
nomial of that of the RPP instance. For preparation of the proof, we also
verify
f2r+1 ≥ 1
4
(
√
2− 1)(√2)2r+1 = 1
4
(2−√2)2r = 1
4
(2−√2)2m+6
> 2m+2 + 4 = 2λ+ 6.
(10)
In the following, we consider the lifting procedure. By construction, the
knapsack inequality of this instance reads
2r+1∑
i=1
λfixi + [λ(λ + 3) + 1]x2r+2 + [λ(λ + 3)− 1]x2r+3 +
n−1∑
i=2r+4
ωi(λ+ 1)xi
+λ(3λ+ 6 + f2r+1)xn ≤
2r+1∑
i=1
λfi + λ(3λ+ 6).
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Since a1 = λ, a2 = λ, and
b−
∑
i∈N1
ai =
2r+1∑
i=1
λfi + λ(3λ+ 6)−
r∑
i=1
λf2i+1 − λ(3λ+ 6 + f2r+1)
=
2r∑
i=1
λfi −
r∑
i=1
λf2i+1 =
2r∑
i=1
λfi − λf3 −
r∑
i=2
λ(f2i−1 + f2i) = λ,
we know that C is a minimal cover of X(N0, N1) with the cover inequality
x1 + x2 ≤ 1. (11)
Step 1. Lifting the variables x3, . . . , x2r+1
Starting with the cover inequality (11), we know from Observation 1 and the
inequality (8) that, after lifting the variables x3, . . . , x2r+1, the inequality is
2r+1∑
i=1
fixi ≤
2r∑
i=1
fi.
Step 2. Lifting the variables x2r+2 and x2r+3
We first consider the variable x2r+2. The associated lifting problem is
α2r+2 = min
2r∑
i=1
fi −
2r+1∑
i=1
fixi
s.t.
2r+1∑
i=1
λfixi ≤ λ
2r∑
i=1
fi − [λ(λ + 3) + 1], x ∈ B2r+1.
(12)
The problem (12) is feasible at the zero vector since
λ
2r∑
i=1
fi − [λ(λ+ 3) + 1] ≥ λ(
2r∑
i=1
fi − λ− 4) > λ(f2r+1 − λ− 4) > 0,
where the last inequality follows from (10). Let x¯ be the optimal solution of
(12). Since fi ∈ Z for i = 1, . . . , 2r + 1, its feasibility requires
2r+1∑
i=1
fix¯i ≤ ⌊λ
∑2r
i=1 fi − λ(λ + 3)− 1
λ
⌋ =
2r∑
i=1
fi − λ− 4.
On the other hand, from Lemma 2, we can always find an x¯ such that
2r+1∑
i=1
fix¯i =
2r∑
i=1
fi − λ− 4.
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The optimality of x¯ gives that α2r+2 =
∑2r
i=1 fi−
∑2r+1
i=1 fix¯i = λ+4. Similarly,
the lifting problem of x2r+3 reads
α2r+3 = min
2r∑
i=1
fi −
2r+1∑
i=1
fixi − (λ + 4)x2r+2
s.t.
2r+1∑
i=1
λfixi + [λ(λ + 3) + 1]x2r+2 ≤ λ
2r∑
i=1
fi − [λ(λ+ 3)− 1],
x ∈ B2r+2. (13)
Then α2r+3 = λ + 2, which is achieved at an optimal solution x¯ satisfying
x¯2r+2 = 1 and
∑2r+1
i=1 fix¯i =
∑2r
i=1 fi − 2λ− 6.
Step 3. Lifting the variables x2r+4, . . . , xn−1
We shall show that αi = ωi for all i ∈ K by induction. At first, consider the
lifting of the variable x2r+4. This requires to solve the problem
α2r+4 = min
2r∑
i=1
fi −
2r+1∑
i=1
fixi − (λ+ 4)x2r+2 − (λ+ 2)x2r+3
s.t.
2r+1∑
i=1
λfixi + [λ(λ+ 3) + 1]x2r+2 + [λ(λ + 3)− 1]x2r+3
≤ λ
2r∑
i=1
fi − ω2r+4(λ+ 1), x ∈ B2r+3.
(14)
If xˆ is an optimal solution of the problem (14) with xˆ2r+3 = 1, by the feasibility
and (10), we have
2r+1∑
i=1
fixˆi + λ+ 2 <
2r∑
i=1
fi + λ+ 2 <
2r+1∑
i=1
fi.
This, together with Lemma 2, indicates that we can define a new feasible point
x¯ such that x¯2r+2 = xˆ2r+2, x¯2r+3 = 0, and
∑2r+1
i=1 fix¯i =
∑2r+1
i=1 fixˆi + λ+ 2.
It is easy to see that x¯ and xˆ give the same objective values. Hence, we can
assume that x2r+3 = 0 in the problem (14). Furthermore, since ω2r+4 ≤ λ− 1,
similar to the problem (13), we can show that the optimal value of (14) is
α2r+4 = ω2r+4, which is achieved at an optimal solution x¯ satisfying x¯2r+3 = 0,
x¯2r+2 = 1, and
∑2r+1
i=1 fix¯i =
∑2r
i=1 fi − (λ+ 4)− ω2r+4.
Now assume that αi = ωi for 2r + 4 ≤ i ≤ j and j < n − 1 and consider
the lifting problem of xj+1:
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αj+1 = min
2r∑
i=1
fi −
2r+1∑
i=1
fixi − (λ + 4)x2r+2 − (λ+ 2)x2r+3 −
j∑
i=2r+4
ωixi
s.t.
2r+1∑
i=1
λfixi + [λ(λ + 3) + 1]x2r+2 + [λ(λ+ 3)− 1]x2r+3+
j∑
i=2r+4
ωi(λ+ 1)xi ≤ λ
2r∑
i=1
fi − ωj+1(λ+ 1), x ∈ Bj . (15)
We claim that there exists an optimal solution x¯ such that x¯2r+3 = x¯2r+4 =
· · · = x¯j = 0. To see this, suppose that an optimal solution xˆ is such that
xˆt = 1 for some t ⊆ [2r+3, j]. Analogously, define a new point x¯ with x¯i = xˆi
for 2r+2 ≤ i ≤ j and i 6= t, x¯t = 0, and
∑2r+1
i=1 fix¯i =
∑2r+1
i=1 fixˆi + θt, where
θt =
{
λ+ 2, if t = 2r + 3;
ωt, otherwise.
By simple calculations, x¯ is feasible to the problem (15) and gives the same
objective value as x¯. Similar to the problem (13), we can verify that αj+1 =
ωj+1. Thus by induction, we have that αi = ωi for all i ∈ K.
Step 4. Lifting the variable xn
Finally, we concentrate on lifting the variable xn. The lifting problem is
βn = max
2r+1∑
i=1
fixi + (λ+ 4)x2r+2 + (λ+ 2)x2r+3 +
n−1∑
i=2r+4
ωixi −
2r∑
i=1
fi
s.t.
2r+1∑
i=1
λfixi + [λ(λ + 3) + 1]x2r+2 + [λ(λ+ 3)− 1]x2r+3+
n−1∑
i=2r+4
ωi(λ+ 1)xi ≤ λ
2r+1∑
i=1
fi + λ(3λ+ 6), x ∈ Bn−1. (16)
For convenience, denote g(x) to be the objective function in the above problem.
Consider the point xˇ with xˇi = 1 for 2r + 2 ≤ i ≤ n − 1 and
∑2r+1
i=1 fixˇi =∑2r+1
i=1 fi − λ − 2. By Lemma 2, such a point must exist. We can check that
xˇ is feasible to the problem (16) and g(xˇ) = f2r+1 + 3λ+ 4. Furthermore, for
a binary vector x, if at least one of the two components x2r+2 and x2r+3 is
equal to zero, we have that
g(x) ≤
2r+1∑
i=1
fi + λ+ 4 +
n−1∑
2r+4
ωi −
2r∑
i=1
fi = f2r+1 + 3λ+ 4.
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Thus to seek better values for βn, we may set x2r+2 = x2r+3 = 1. In this case,
the problem (16) reduces to
βn = max
2r+1∑
i=1
fixi +
n−1∑
i=2r+4
ωixi + 2λ+ 6−
2r∑
i=1
fi (17)
s.t.
2r+1∑
i=1
λfixi +
n−1∑
i=2r+4
ωi(λ + 1)xi ≤ λ
2r+1∑
i=1
fi + λ
2, x ∈ Bn−3.
Now assume that x¯ is an optimal solution of (17). Denote p =
∑n−1
i=2r+4 ωix¯i.
It is easy to see that p ≤ 2λ. Consider the following four cases.
(a) p ≤ λ − 2. In this case, the knapsack constraint in the problem (17) is
trivially satisfied and the optimality of x¯ implies x¯i = 1 for i = 1, . . . , 2r+1.
This further indicates that
g(x¯) =
2r+1∑
i=1
fi + p+ 2λ+ 6−
2r∑
i=1
fi = f2r+1 + p+ 2λ+6 ≤ f2r+1 + 3λ+ 4.
(b) p = λ− 1. Similar to the case (a), we have that g(x¯) = f2r+1 + 3λ+ 5.
(c) p = λ. In this case, the feasibility of x¯ indicates that
2r+1∑
i=1
fix¯i ≤ [λ
2r+1∑
i=1
fi + λ
2 − λ(λ + 1)]/λ =
2r+1∑
i=1
fi − 1.
Furthermore, the optimality of x¯ implies that
∑2r+1
i=1 fix¯i =
∑2r+1
i=1 fi − 1.
Thus we can also check that g(x¯) = f2r+1 + 3λ+ 5.
(d) λ+ 1 ≤ p ≤ 2λ. On one hand, the feasibility of x¯ requires
2r+1∑
i=1
fix¯i ≤ ⌊λ
∑2r+1
i=1 fi + λ
2 − p(λ+ 1)
λ
⌋ =
2r+1∑
i=1
fi + λ− p− 2, (18)
where the last equality follows from λ + 1 ≤ p ≤ 2λ. On the other hand,
the optimality of x¯ requires that the inequality in (18) holds with equality,
yielding
g(x¯) =
2r+1∑
i=1
fi + λ− p− 2 + p+ 2λ+ 6−
2r∑
i=1
fi = f2r+1 + 3λ+ 4.
To summarize, the lifting coefficient βn = f2r+1 + 3λ+ 5 for the problem
of computing the sequential LCI constructed in the above, if any only if p = λ
or p = λ − 1, or equivalently, the answer to the RPP instance is yes. Since
the RPP problem is NP-hard and the construction of the companion problem
is in polynomial, we conclude that computing a sequential LCI is NP-hard.
This completes the proof. ⊓⊔
12 Wei-Kun Chen, Yu-Hong Dai∗
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